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A new hybrid optimization approach is proposed for the design of a rendezvous-phasing strategy with combined

maneuvers, which is normally considered as a complexmultiple-impulse, multiple-revolution, nonlinear rendezvous

problem. In this approach, a feasible iteration optimization model is first formulated using a multiple-revolution

Lambert algorithm, and a parallel simulated annealing algorithm is employed to locate the unperturbed solution.

Subsequently, an infeasible iteration optimization model accounting for trajectory perturbations is formulated, and

a sequential quadratic programming algorithm is used to obtain the perturbed solution, with the unperturbed

solution as an initial reference solution. The global convergence ability of the proposed approach is verifiedby solving

a classical same-circle rendezvous problem. Two different solutions satisfying Lawden’s necessary optimality

conditions are located and one solution outperforms an optimal solution previously reported. The proposed

approach is further evaluated in a practical two-day rendezvous-phasing mission with different initial conditions. It

is shown that this approach is effective and efficient and the combinedmaneuvers can save propellant at a range of 4–

35% when compared with the special-point maneuvers.

I. Introduction

T HE rendezvous and docking (RVD)mission can be divided into
a number of major phases: launch, phasing, far-range

rendezvous, close-range rendezvous, and docking. The objective
of the phasing segment is to reduce the phase angle between the
chaser and the target spacecraft, based on the fact that a lower orbit
has a shorter orbital period [1]. During the rendezvous-phasing
segment, launch injection errors on inclination and right ascension of
the ascending node (RAAN) will be corrected successively. The
phasing segment can take anywhere from one–three days (Mir/
Progress, Shuttle/International Space Station) to two weeks
(Zvezda–International Space Station) [1,2].

The design of a phasing strategy is an important part of themission
planning for most practical rendezvous missions. A well-designed
phasing strategy not only saves propellant but improves safety. There
are two widely used phasing strategies. One is the Soyuz/Progress
phasing strategy [1–3], which is based on the impulsive maneuvers
that combine in-plane and out-of-plane components. Labourdette
and Baranov [2] and Baranov [3] proposed a semi-analytical method
for this type of phasing strategy using a linearized dynamic model.
The other phasing strategy (i.e., the strategy of the space shuttle), is
based on impulsive maneuvers at special points (such as orbit
apogee) for which desired orbit changes can be achieved using
minimum propellant [1,4]. Recently, Luo et al. [5] reported an
optimization approach for the phasing strategy using special-point
maneuvers.

The rendezvous-phasing problem is a multiple-impulse, multiple-
revolution nonlinear rendezvous problem. The widely used tools for
solving the nonlinear impulsive rendezvous problem include primer
vector theory [6] (based on the original work of Lawden [7]) and the
Lambert algorithm [6,8]. By using these tools and the classical
gradient-based optimization algorithms, Jezewski and Rozendaal

[8], Gross and Prussing [9], Prussing andChiu [10], andHughes et al.
[11] solved different types of multiple-impulse unperturbed two-
body impulsive rendezvous problems. Prussing [12], Shen and
Tsiotras [13] and Han and Xie [14] reported the analytical two-
impulse multiple-revolution Lambert solution. In this paper, we
provide a new approach for optimizing rendezvous-phasing
combined maneuvers using the multiple-revolution Lambert
algorithm and the recently developed optimization techniques. In
addition, we also develop some techniques to obtain a perturbed
solution that is different from [8–14], in which only an unperturbed
two-body solution is obtained.

The approach adopted for solving the rendezvous-phasing
problem is as follows. A parallel simulated annealing is first used to
locate an unperturbed solution using an analytical two-body
propagator and the multiple-revolution Lambert algorithm. This
unperturbed solution is then used as an initial reference solution for
the perturbed problem, and a sequential quadratic programming
(SQP) algorithm is applied to locate an accurate solution using a
high-fidelity trajectory model.

II. Rendezvous-Phasing Problem

In general, the impulse-based maneuver is adopted for phasing.
The goal of phasing-strategy design is to design the impulse vectors,
that is, to determine the optimal times and locations of the impulses.
As a rule, all phasing maneuvers are controlled from the ground.
Phasing endswith the acquisition of either an initial aim point orwith
the achievement of a set ofmargins for position and velocity values at
a certain range, called the trajectory gate or entry gate [1]. Figure 1
depicts the initial and the final conditions for the rendezvous-phasing
problem considered in this paper. The margins of the aim point (the
gate) must be achieved to make the final part of the approach
possible. The aim point or gate will be on the target orbit, or very
close to it, and from this position, the far-range relative rendezvous
operations can commence. In this paper, the aim point described in
the target orbit frame is employed as the phasing final condition. The
special-point maneuvers employ impulsive maneuvers, with only in-
plane or out-of-plane components to adjust orbital phasing angle and
correct orbital plane errors (inclination and RAAN). It has been
shown that combining in-plane and out-of-plane components of
maneuvers could save propellant [2]. This paper ismainly focused on
developing a new approach for optimizing a phasing strategy with
combined maneuvers.
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III. Multiple-Revolution Lambert
Rendezvous Algorithm

A. Two-Impulse Lambert Rendezvous

The geometry for a two-impulse rendezvous is shown in Fig. 2.
The initial position and velocity vectors of the chaser (r1 and v10), the
targets r1tar and v1tar, and the transfer time �t are known. The final
rendezvous conditions Xf are specified, which are always
represented by the relative position and velocity vector between
the chaser and the target. The solution to the initial and final velocity
increments of the chaser (�v1 and �v2) is a standard Lambert’s
problem. The universal variables algorithm [15] is used to solve
Lambert’s problem.

B. Multiple-Revolution Lambert Rendezvous Algorithm

If �t is small, there is only one transfer orbit. However, if �t is
relatively large, the transfer orbit obtained by the Lambert algorithm
has a large eccentricity. This large-eccentricity orbit is not acceptable
in practical engineering because of its huge propellant. Under this
condition, it is necessary to find a transfer orbit in which the chaser
first parks L (an integer number) revolutions and then rendezvouses
with the target. Prussing [12], Shen and Tsiotras [13], and Han and
Xie [14] reported the two-impulse multiple-revolution Lambert
rendezvous solutions. In this paper, a new simple multiple-
revolutionLambert rendezvous algorithm is provided by considering
the practical background of the phasing rendezvous.

Assuming that the flight time from s1 to s2 is ttran, Lambert’s
problem Lambert�r1; r2; ttran� is solved and the velocity vector of the
parking obit v1 is obtained. The orbital period of the parking orbit Tp
is calculated, whereas r1 and v1 are known. Thus, the critical step for
solving the multiple-revolution, two-impulse rendezvous problem is
to design ttran. A simple iteration algorithm is employed to find ttran,
and the two-impulse multiple-revolution Lambert rendezvous
algorithm is summarized as follows.

Step 1) Calculate the current orbital period T0.
Step 2) If �t < T0, no parking orbit is required, solve Lambert’s

problem Lambert�r1; r2;�t�, and get�v1 and�v2; otherwise, go to
step 3.

Step 3) Solve y�ttran� ��t� LTp � ttran � 0 by Newton’s
method, and obtain the solution t�tran.

Step 4) Solve Lambert’s problem Lambert�r1; r2; t�tran�, and get
�v1 and �v2.

In this paper, only the low-Earth rendezvous-phasing problem is
considered, and the phasing orbit should be between the chaser orbit
and the target orbit so that the orbital period does not change much
during the rendezvous-phasing segment. For this reason, we can
define L as the maximum integer number less than �t=T0.

IV. Unperturbed Solution

A. Multi-Impulse Rendezvous Problem

The initial conditions for rendezvous are r0, v0, and t0, and the
terminal conditions are rf, vf, and tf.

The dynamic equations are

�r����r=r3� (1)

Assuming that an impulsive �vi is applied (the superscript �
indicates the state before an impulse and the superscript� indicates
the state after an impulse), we get8><

>:
r�i � r�i
t�i � t�i
�vi � v�i � v�i

(2)

Without loss of generality, let

r i � r�i � r�i ti � t�i � t�i (3)

and assume that r�t��t� � f �r�t�; v�t�; t; t��t� and v�t�
�t� � g�r�t�; v�t�; t; t��t� are the solutions to Eqs. (1).

For an intermediate impulse i ≠ 1, i ≠ n, where n�	 2� is the
number of impulses, the following conditions must be satisfied:

r i � f
�
ri�1; v

�
i�1; ti�1; ti

�
v�i � g

�
ri�1; v

�
i�1; ti�1; ti

�
(4)

The constraints corresponding to the initial conditions are given by

r 1 � f�r0; v0; t0; t1� v�1 � g�r0; v0; t0; t1� (5)

where t1 is the time of the first impulse.
A similar set of constraints applied at the final conditions are given

by

r n � f�rf; vf; tf; tn� v�n � g�rf; vf; tf; tn� (6)

In summary, the general fuel-optimal, multi-impulse rendezvous
problem is to find �ri; v�i ; v�i ; ti�, where i� 1; 2; 
 
 
 ; n, that satisfy
the following constraints [11]:

8>>>>>>>><
>>>>>>>>:

r1 � f�r0; v0; t0; t1�
v�1 � g�r0; v0; t0; t1�
ri � f�ri�1; v�i�1; ti�1; ti�
v�i � g�ri�1; v�i�1; ti�1; ti�
rn � f�rf; vf; tf; tn�
v�n � g�rf; vf; tf; tn�

(7)

and to minimize the total velocity characteristic

J��v�
Xn
i�1
j�vij (8)

Earth

Final Chaser Orbit 

Target Orbit 

Initial Target Position 

Initial Chaser Orbit Final Chaser Position 

Final Target Position Initial Chaser Position 

Phase Angle 

V-bar 
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Fig. 1 Definition of phase angle and the initial and final conditions for
rendezvous-phasing problem.
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Fig. 2 Geometry for two-impulse Lambert rendezvous.
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B. Feasible Iteration Optimization Model

The parameter optimization methods to the optimization problem
described by Eqs. (7) and (8) can be divided into two categories
called the feasible iteration approach and the infeasible iteration
approach [11]. In the feasible iteration approach, each evaluation of
the objective function produces a feasible solution that implicitly
satisfies the rendezvous conditions. The feasible iteration approach
requires a careful choice of the independent variables, whereas in the
infeasible iteration approach, there is less restriction on the choice of
independent variables. In the infeasible iteration approach, the
rendezvous conditions are not necessarily satisfied for each objective
function evaluation. The rendezvous conditions are satisfied upon
convergence of the numerical optimization algorithm. Thus, in the
infeasible iteration approach, the constraints must be defined
carefully, and the optimization algorithm must be able to handle
nonlinear constraints. Hughes et al. [11] discussed details on how to
formulate the optimization model of the feasible iteration approach.
The applied optimization model of the feasible iteration approach is
as follows.

The chosen independent variables (i.e., the optimization variables)
are impulse times and the first n � 2 impulse vectors:

ti i� 1; 2; 
 
 
 ; n �vj j� 1; 2; 
 
 
 ; n � 2 (9)

Calculating r1 and v
�
1 in Eq. (5) and rn and v

�
n in Eq. (6), we have8><

>:
v�i � v�i ��vi

ri�1 � f�ri; v�i ; ti; ti�1� �i� 1; 2; 
 
 
 ; n � 2�
v�i�1 � g�ri; v�i ; ti; ti�1�

(10)

The rendezvous conditions are satisfied by solving Lambert’s
problem Lambert�rn�1; rn; tn � tn�1�. With the solution for
Lambert’s problem, we can solve for �vn�1 and �vn and we then
solve Eq. (8) for the total �v. For the phasing rendezvous, the last
two impulses are always imposed on different revolutions and so the
multiple-revolution Lambert algorithm is required.

For the multiple-revolution, multiple-impulse, rendezvous-
phasing problem, it is more convenient to replace ti with the number
of revolutions Ni and the argument of latitude �i in formulating the
optimization model. In this study, Ni are not chosen as optimization
variables. They are set in advance to satisfy the operational
constraints such as orbit-determination requirements and commu-
nication-window constraints. Therefore, the final chosen optimiza-
tion variables are

�i i� 1; 2; 
 
 
 ; n �vj j� 1; 2; 
 
 
 ; n � 2 (11)

C. Optimization Technique: Parallel Simulated Annealing Using

Simplex Method

The optimization of phasing maneuvers is very difficult due to the
very long duration dedicated to rendezvous (several tens of vehicle
revolutions). Although it can be formulated as an unconstrained
problem using the multiple-revolution Lambert algorithm, the
classical nonlinear optimization algorithms such as the SQP and
Powell’s algorithm have very poor performance in solving this
problem, which was observed in our mathematical experiments. It is
therefore highly desirable and necessary to introduce other new
global optimization algorithms to solve this problem. The parallel
simulated annealing using the simplex method (PSASM) is a
recently developed new global optimization algorithm [16,17]. The
PSASM combines the advantages of simulated annealing (SA) with
that of the simplex method, and its flowchart is provided in the
Appendix. It has been demonstrated that the PSASM algorithm has
better global convergence ability and higher convergence rate than
the SA, genetic algorithms (GAs), and some other evolutionary
algorithms in functional and structural optimization [16] and low-
thrust trajectory design [17]. In this paper, the PSASM is employed
as a global optimizer for the unperturbed rendezvous-phasing
problem.

V. Perturbed Solution

The solution obtained by the PSASM is an unperturbed solution.
Using the unperturbed solution as the initial guess, the SQP is
employed to obtain the perturbed solution.

A. General Dynamic Equations

The general dynamic equations for describing a spacecraft with all
perturbations are known as Cowell’s formulation [15]:(

dv
dt
�� �

r3
r� anonspherical � adrag � a3�body � aSR � athrust � aother

dr
dt
� v

(12)

where r and v are the position and velocity vectors, respectively;
anonspherical is the perturbation acceleration caused by the
nonspherical portion of the mass distribution of the central body;
adrag is the atmospheric drag perturbation acceleration; a3�body is the
third-body perturbation acceleration including the sun’s and the
moon’s gravity; aSR is the solar-radiation pressure perturbation
acceleration; athrust is the thrust acceleration; and aother is the
perturbation acceleration caused by many other forces including
tides. More details of these perturbations can be found in Vallado
[15].

Through Eqs. (10) and (12), a multiple-impulse rendezvous
problem can be solved with an accurate solution by numerically
integrating both the chaser and target orbits. In this study, the
classical orbit elements E� �a; i; e;�; !; �� are employed to
describe the rendezvous-phasing problem, where a is the semimajor
axis, i is the inclination, e is the eccentricity,� is the right ascension
of the ascending node (RAAN),! is the argument of perigee, and � is
the true anomaly.

Among all the aforementioned perturbation forces, the J2 effects
are often dominant. For the perturbed problem, Vallado [15]
proposed a simplified analytical propagation technique that captures
the secular perturbative effects resulting from J2. In this study, both
the analytical J2-perturbed propagator and the numerical integration
method are applied. An eighth-order Runge–Kutta method [18] is
used, and the integration step is 30 s.

B. Infeasible Iteration Optimization Model

It is convenient to describe a rendezvous problem using the
relative state of the chaser with respect to the target. Herein, a relative
coordinate (as shown in Fig. 3) is applied. Using the orbit coordinate,
the relative state is denoted by x� �x; y; z; _x; _y; _z�.

The optimization variable vector y is

y � ��i;�vi� i� 1; 2; 
 
 
 ; n (13)

The objective function is to minimize the total characteristic
velocities:

x

y

Target Spacecraft 

Chaser Spacecraft 

o

OE

ω

z

Earth

Fig. 3 Orbit coordinate system
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J�
Xn
i�1
j�vij (14)

The initial conditions at time t0 are defined by

x �t0� � x0 � 0 (15)

The terminal constraints at the final time tf are defined by

x �tf� � xf � 0 (16)

where x�tf� is evaluated by numerically propagating both the target
and the chaser orbits.

C. Optimization Technique: SQP

Equations (13–16) form an infeasible iteration optimizationmodel
for the fuel-optimal, multiple-impulse rendezvous problem. Because
the model of the perturbed problem has only a little error from that of
the unperturbed problem, it can be efficiently solved using the
nonlinear programming solver with the unperturbed solution as the
initial guess. The most widely used constrained optimization
algorithm, SQP is employed to locate the perturbed solution.

The solution obtained by the PSASM is a two-body solution. To
increase the convergence rate and robustness, the two-body solution
is firstly modified by the SQP using an analytical J2-perturbed
propagator. Subsequently, the SQP is again employed to obtain the
perturbed solution by numerically integrating the high-fidelity
dynamic equations with the J2-perturbed solution as the initial guess.

VI. Solution Framework

To summarize, the optimization approach proposed in this paper is
a three-step cascade strategy, as described in Fig. 4.

In step 1, the PSASM is used to solve the optimization problem
formulated in Eqs. (8–11). The multiple-revolution Lambert
algorithm is employed to satisfy the rendezvous conditions naturally,
and the analytical two-body propagator is used to calculate both the
target and the chaser orbits. The unperturbed two-body solution is
obtained by the PSASM.

In step 2, using the unperturbed solution obtained by the PSASM
as the initial guess, the SQP is applied to solve the optimization
problem formulated as Eqs. (13–16). The analytical J2-perturbed
propagator is used to calculate both the target and the chaser orbits.
The J2-perturbed solution is obtained by the SQP.

In step 3, using the J2-perturbed solution as the initial guess, SQP
is again employed to solve the optimization problem formulated as
Eqs. (13–16) through numerically integrating Cowell’s equations. In

this study, the perturbations (including atmosphere drag and J2, J3,
and J4) are considered.

VII. Analytical Problem Verification

First, we test the proposed approach by solving a classical
problem: a same-circle rendezvous problem of a chaser in a circular
orbit with a target in that same circular orbit [10,12]. A chaser and its
target are shown in Fig. 5 for an initial separation angle of 180 deg.
When the rendezvous transfer time is 2.3 times the orbital period,
Prussing and Chiu [10] and Prussing [12] reported that an optimal
four-impulse solution existed for this transfer time. Herein, a 400-km
circular-orbit case is tested by the proposed approach. For convenient
comparison, only the unperturbed two-body solution is obtained.

To our surprise, two different solutions are located by the PSASM.
They are listed in Table 1. Figure 6 shows the primer vector
magnitude histories corresponding to these two solutions. The
transfer time is plotted in units of the circular-orbit period in Fig. 6.
Clearly, these two solutions both satisfy all the necessary conditions
for an optimal impulsive trajectory [12]. In units of the circular-orbit
speed, the�v of the second solution is calculated as 0.189, which is
same as that provided by Prussing and Chiu [10]. Judging from the
prime vector magnitude history, the second solution is that reported
by Prussing and Chiu [10] and Prussing [12]. In a seminal paper,
Jezewski and Rozendaal [8] pointed out that multiple solutions
satisfying the classical necessary optimality conditions may exist for
the nonlinear two-body impulsive rendezvous trajectory. The same-
circle rendezvous problem has this peculiarity, which is also true for
other cases, for example, 350- and 450-km circular orbit. In terms of
the�v cost, thefirst solution outperforms the second one by reducing
the�v cost by 13.4%. This solution was also reported by Colasurdo
and Pastrone [19] and Sandrik [20].

Note that although the exact solution is symmetric about the
midtime of the transfer (see Fig. 6, where �v1 ��v4, �v2 ��v3,
and t4 � t3 � t2 � t1), small numerical discrepancies appear in
Table 1.

VIII. Examples

In this section, we further test the proposed approach by a practical
two-day rendezvous-phasingmission. The nominal initial conditions
are

Etar��6720:140 km; 42deg; 0; 169:286deg; 0; 245deg�
Echa

��6638:140 km; 42:2deg; 0:009039; 169:686deg; 120deg; 1deg�

PSASM

Multiple-Revolution 
Lambert Solution 

SQP

Analytical J2

Propagator

SQP

Integrating 
Cowell’s Eqs. 

 3 petS 2 petS 1 petS

Fig. 4 Solution framework for optimizing rendezvous-phasing

maneuvers.

ChaserTarget 

Fig. 5 Chaser and target in the same circular orbit.

Table 1 Two solutions for the 400-km same-circle rendezvous problem

Impulses ti�s� and �vi, m/s

Index i� 1 i� 2 i� 3 i� 4 �v, m/s

1 t1 � 0 t2 � 2648:9 t3 � 10; 130:1 t4 � 12; 773:3 1256.3
�v1 � 391:6 �v2 � 236:5 �v3 � 235:8 �v4 � 392:5

2 t1 � 0 t2 � 4414:6 t3 � 8367:4 t4 � 12; 773:3 1450.4
�v1 � 532:5 �v2 � 192:7 �v3 � 190:7 �v4 � 534:5
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The terminal conditions are

tf � 140; 000 s

xf � �81:7; � 29:3; and 0:003 km; � 50:78; � 0:02; and

� 0:16 m=s�

The initial and terminal conditions are depicted in Fig. 1.
Let ����cha ��tar denote the error of RAAN between the

target and the chaser orbit and �i� icha � itar denote the error of
inclination. The initial chaser orbit is alwayswith a little dispersion to
its nominal orbit because of the launch vehicle’s guidance error. The
plane errors, including the errors of RAAN and inclination, are the
main contributions to the propellant of phasingmaneuvers. Thus, it is
necessary to analyze the influence of the plane errors on the phasing
maneuvers. In our study, this phasing rendezvous problem is
configured with different �� and �i:

1) For�i� 0:2 deg, select 11 points of�� at equal interval in the
range of �1 to 1 deg.

2) For��� 0:4 deg, select 11 points of�i at equal interval in the
range of �1 to 1 deg.

For each case, both the proposed approach and the special-point
maneuvers approach [5] are tested. For the convenience of
comparison, the total number of maneuvers is four, which are
imposed on 6, 14, 17, and 22 revolutions, respectively, and are the
same used by [5]. The search space of the design variables is
presented in Table 2.

The relations between �v vs �� and �v vs �i are shown in
Figs. 7 and 8, respectively. Figures 7 and 8 report the perturbed
solution. The solutions of four test cases are provided in Table 3.
Table 4 provides the impulses for the test case in which the
unperturbed two-body and the perturbed solutions are reported
(�i� 0:2 deg and ��� 0:4 deg, respectively). The time cost for
obtaining the perturbed solution is about 5 min on a Dell Dimension
8300 computer (CPU 2.8 GHz).

The statistical results of the PSASM, a continuous SA [16], and a
floating-coded genetic algorithm (GA) [16] for the unperturbed
solution with �i� 0:2 deg and ��� 0:4 deg in 20 independent
runs are listed in Table 5. All three algorithms end with a maximum
number of function evaluations of 40,000.

FromTables 3–5 and Figs. 7 and 8,we can conclude the following:
1) The trends between �v vs ��, and �v vs �i obtained by the

proposed approach are similar to that of the special-point approach,
showing the success of our proposed approach in obtaining a good
solution for all test cases.

2) The combined maneuvers can significantly reduce �v,
compared with the special-point maneuvers. When �i� 0:2 deg
and�� varies in the range of�1 to 1 deg, the reduction is from about
18 to 35%. When��� 0:4 deg and�i varies in the range of�1 to
1 deg, the reduction is from about 4 to 19%. For the same amount of
�� and�i, the reduction of the former is much larger than the latter.

Fig. 6 Primer magnitude history for the optimal four-impulse trajectory.

Table 2 Search space of the design variables

�i, deg �vIi, �vJi, and �vKi, m/s (i� 1, 2, 3, and 4)

Variables i� 1 i� 2 i� 3 i� 4

Search space [290, 320] [290, 360] [40, 130] [300, 330] [�60, 60]

Fig. 7 �v vs�� (�i� 0:2deg).

Fig. 8 �v vs�i (��� 0:4deg).
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3) From Table 4, it is clear that the PSASM has better global
convergence ability than the GA and the SA. Although the PSASM
does not always locate the best solution in 20 runs, the �v of the
perturbed solution obtained by the SQP is always about 61–62 m/s.
The PSASM is effective at locating an initial global reference
solution to the perturbed solution, which guarantees the global
convergence ability of the proposed approach.

It is not our purpose to show that the phasing strategy with
combinedmaneuvers is better than the phasing strategy with special-
point maneuvers; instead, our study shows that the combined
maneuvers can save propellant. When designing an operational
rendezvous-phasing mission, in addition to the propellant, other
performances should also be considered, such as tolerance to failure,
execution simplicity of maneuvers, etc. Our experiment showed that
the phasing strategy with combined maneuvers can be well suited to
different phasing schemes. If we change the revolutions of the
maneuvers, as shown in Table 6, it is found that the �v vary little.

IX. Conclusions

Anew approach using themultiple-revolution Lambert algorithm,
a parallel simulated annealing algorithm and sequential quadratic
programming is proposed for optimizing a rendezvous-phasing
strategywith combinedmaneuvers. The proposed approach locates a
solution better than a reported optimal solution for the classical same-

circle rendezvous problem. A practical two-day rendezvous-phasing
mission with different configurations is also examined using our
proposed approach. The results of a large number of experiments
show that the proposed approach is quick and robust in locating the
global solution. Compared with the special-point maneuvers, it has
been proven that the combined maneuver can save propellant.

Appendix: Parallel Simulated Annealing Using
the Simplex Method

The optimization procedure of PSASM is described in Fig. A1.
This procedure is explained as follows.

Table 3 The total characteristic velocity (�v,m=s) for four cases obtained by the proposed approach and the
special-point approach

�i and ��

�i� 0:2 deg �i� 0:2 deg �i��0:2 deg �i��0:2 deg
Approach ��� 0:4 deg ����0:4 deg ��� 0:4 deg ����0:4 deg

Special-point approach Unperturbed 98.51 98.57 98.35 98.08
Perturbed 73.22 118.40 70.39 121.23

This paper Unperturbed 74.82 58.57 57.58 78.93
Perturbed 60.19 76.66 51.92 93.78

Table 4 Impulses corresponding with the first test case listed in Table 3

Impulses ti�s� and �vi, m/s

Approach i� 1 i� 2 i� 3 i� 4 �v, m=s

Special-point
approach

Unperturbed t1 � 29; 559:0 t2 � 73; 722:8 t3 � 85; 914:4 t4 � 116; 096:7 98.5
�v1 � 11:7 �v2 � 27:0 �v3 � 36:3 �v4 � 23:4

Perturbed t1 � 29; 606:7 t2 � 73; 661:0 t3 � 85; 835:9 t4 � 116; 180:9 73.2
�v1 � 13:3 �v2 � 26:5 �v3 � 14:4 �v4 � 19:0

This paper Unperturbed t1 � 29; 527:9 t2 � 73; 617:7 t3 � 85; 193:2 t4 � 116; 126:2 74.8
�v1 � 12:6 �v2 � 0:0 �v3 � 43:4 �v4 � 18:8

Perturbed t1 � 29; 487:1 t2 � 73; 459:3 t3 � 85; 022:6 t4 � 115; 994:5 60.2
�v1 � 8:6 �v2 � 17:8 �v3 � 19:8 �v4 � 14:0

Table 5 Statistical results of different algorithms for unperturbed
solution (�i� 0:2deg and ��� 0:4deg)

Total characteristic velocity, �v, m/s

Algorithms Best Worst Mean Std

PSASM 74.05 82.76 76.82 2.33
SA 73.16 109.32 81.65 8.10
GA 75.60 95.28 84.29 6.54

Table 6 �v (m=s) for different phasing schemes (�i� 0:2deg and
��� 0:4deg, perturbed)

Index Ni �i� 1; 2; 3; 4� �v, m/s

1 6, 14, 17, 22 60.2
2 5, 15, 20, 26 61.0
3 6, 10, 23, 26 60.3

Initialization: Kmax, Lp,T0, a simplex,etc.

Evaluate the simplex: highest, lowest point 

Produce new simplex: reflection, 
reflection ,expansion,etc.

Renew: T 
k=k+1 NO

YESStopping condition is satisfied? 

NO

Apply simulated annealing search on ith point 
of the simplex at probability P(i,k)

Produce tentative solution 

Accept tentative solution by Metropolis 

YESi=i+1

Metropolis sampling is completed? 

Output

Fig. A1 Optimization procedure of parallel simulated annealing using

the simplex method.
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Step 1) A simplex (including the n� 1 design vector) and other
parameters (such as the initial temperature T0 and the length of the
Metropolis sampling Lp) are initialized, k� 1.

Step 2) The simplex is evaluated and the highest, second-highest,
and lowest points are determined.

Step 3) A new simplex is produced by reflection, reflection and
expansion, etc.

Step 4) Simulated annealing search is applied on the ith point of
the simplex (to be referred to as xi) at probability P�i; k��P�i; k��
exp��k=kmax��, i� 1; 2; . . . ; n0.

Step 4.1) Make the initial solution for the Metropolis sampling
at the current temperature Tk:y

i
l � xi, l� 1.

Step 4.2) Produce the tentative solution yil�1 using the neighbor
search function.

Step 4.3) Replace yil with yil�1 using the Metropolis rule
l� � 1.

Step 4.4) If l > Lp;, x
i � yil, go to step 5; otherwise, go to

step 4.1.
Step 5) The PSASM is terminated if k > kmax; otherwise,

k� k� 1, Tk is renewed, go to step 2.
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